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Questions A

Question 1.

Is matrix A “

„

a b

c d



positive definite for all a, b, c, d ą 0?

Answer 1.
No, for example

A “

„

1 2

2 1



is not positive definite (it is indefinite). Let

v “

„

1

0



, w “

„

2

´1



,

then
v⊺Av “ 1 ą 0, w⊺Aw “ ´3 ă 0.

Question 2.
If v “ p1, 1, 0q, w “ p´1, 1, 2q P,R3, V “ linpvq, is the image of vector w P R

3 under
the (linear) orthogonal symmetry about the subspace V Ă R

3 equal to

SV pwq “ p1,´1,´2q?

Answer 2.
Yes, since vector v P V is an orthogonal basis of V

PV pwq “
w ¨ v

v ¨ v
v “

0

2
p1, 1, 0q “ 0.

Moreover
SV pwq “ 2PV pwq ´ w,

therefore
SV pwq “ ´w “ p1,´1,´2q.

Question 3.
If A P Mp2 ˆ 2;Rq and A ` A⊺ “ 0, does it follow that A⊺A “ AA⊺?

Answer 3.
Yes, if A⊺ “ ´A then A⊺A “ p´AqA “ ´A2 and AA⊺ “ Ap´Aq “ ´A2.
Alternatively, if A⊺ “ ´A then

A “

„

0 a

´a 0



,

for some a P R and

AA⊺ “

„

0 a

´a 0

 „

0 ´a

a 0



“

„

a2 0

0 a2



,

A⊺A “

„

0 ´a

a 0

 „

0 a

´a 0



“

„

a2 0

0 a2



.



Question 4.
Is it possible that A,B P Mp2 ˆ 2;Rq, det

`

A2 ` 2AB
˘

‰ 0 and detA “ 0?

Answer 4.
No, because

det
`

A2 ` 2AB
˘

“ detpApA ` 2Bqq “ detAdetpA ` 2Bq.

Question 5.
Is it possible that A,B are two bases of R2 and

MpidqBA “

„

1 0

1 0



?

Answer 5.
No, the matrixMpidqBA is invertible for any two bases A,B (sinceMpidqABMpidqBA “

MpidqA
A

“ I). Matrix
„

1 0

1 0



is not invertible since its determinant is equal to 0.

Alternatively, if A “ pv1, v2q and B “ pw1, w2q then the condition

MpidqBA “

„

1 0

1 0



implies v1 “ w1 ` w2, v2 “ 0 which is not possible (vectors of a basis are linearly
independent).

Question 6.
Are the affine subspaces E, H Ă R

3 given by

E :

"

x1 ´ x2 “ 5

2x2 ´ x3 “ 6
,

H “ p´1, 0, 2q ` linpp1, 1, 2qq,

parallel?

Answer 6.
Yes, they are.

ÝÑ
E :

"

x1 ´ x2 “ 0

2x2 ´ x3 “ 0
,

ÝÑ
E :

"

x1 “ x2

x3 “ 2x2

, x2 P R

therefore
ÝÑ
E “ tpx2, x2, 2x2q P R

3 | x2 P Ru “

“ tx2p1, 1, 2q P R
3 | x2 P Ru “ linpp1, 1, 2qq “

ÝÑ
H,

which, by definition (see Lecture 11) means that E and H are parallel.

Questions B

Question 1.

Is matrix A “

„

a b

c d



negative definite for all a, b, c, d ă 0?



3

Answer 1.
No, for example

A “

„

´1 ´2

´2 ´1



is not negative definite (it is indefinite). Let

v “

„

1

0



, w “

„

2

´1



,

then
v⊺Av “ ´1 ă 0, w⊺Aw “ 3 ą 0.

Question 2.
If v “ p1, 0, 1q, w “ p1, 2, 3q P R

3, V “ linpvq, is the image of vector w P R
3 under

the (linear) orthogonal projection on the subspace V K Ă R
3 equal to

PV Kpwq “ p´1, 2, 1q?

Answer 2.
Yes, since vector v P V is an orthogonal basis of V

PV pwq “
w ¨ v

v ¨ v
v “

4

2
p1, 0, 1q “ p2, 0, 2q.

Moreover
w “ PV pwq ` PV K pwq,

therefore
PV K pwq “ w ´ PV pwq “ p1, 2, 3q ´ p2, 0, 2q “ p´1, 2, 1q.

Question 3.
If A P Mp2 ˆ 2;Rq and A ´ A⊺ “ 0, does it follow that A⊺A “ AA⊺?

Answer 3.
Yes, if A “ A⊺ then A⊺A “ AA⊺ “ A2.

Question 4.
Is it possible that A,B P Mp2 ˆ 2;Rq, detB “ 0 and det

`

2AB ` B2
˘

‰ 0?

Answer 4.
No, because

det
`

2AB ` B2
˘

“ detpp2A ` BqBq “ detp2A ` BqdetB.

Question 5.
Is it possible that A,B are two different bases of R2 and

MpidqBA “

„

1 0

0 1



?

Answer 5.
No, if A “ pv1, v2q and B “ pw1, w2q then the condition

MpidqBA “

„

1 0

0 1



implies v1 “ w1, v2 “ w2 therefore A “ B.

Question 6.
Are the affine subspaces E, H Ă R

3 given by

E “ p1, 1, 2q ` affpp´1, 0, 1q, p1, 1, 2q, p3, 2, 3qq,

H “ p1,´1, 0q ` linpp2, 1, 1qq,



parallel?

Answer 6.
Yes, they are.

ÝÑ
E “ linpp1, 1, 2q ´ p´1, 0, 1q, p3, 2, 3q ´ p´1, 0, 1qq “

“ linpp2, 1, 1q, p4, 2, 2qq “ linpp2, 1, 1qq “
ÝÑ
H,

which, by definition (see Lecture 11) means that E and H are parallel.


